ABSTRACT: Generalizing disorder couplings of the SYK model by means of SU(N) matrices we formulate a lattice model of fermions in d + 1 dimensions. Integration of fermions yields an effective theory of Yang-Mills fields in d dimensions, the latter approaching the standard Yang-Mills theory in the classical limit of vanishing coupling constant of the theory. Quantum mechanically, the theory is solved using large N approximation of the dual effective theory of Hermitian matrices in d dimensions. The theory is asymptotically free, confines the color and is chirally symmetric in the strong coupling regime. The model can be generalized allowing for Standard Model fermions to be included in the theory. In this case, the emerging theory is an asymptotic safe QCD. We discuss briefly the effective dimensionality of such a theory as well as its gravity dual.
Introduction
Yang-Mills theories and Quantum Chromodynamics (QCD) [1] [2] [3] [4] play an important role in our understanding of basic forces of the Universe. They are part of the Standard Model of particle physics. Nonetheless, an analytical solution in four dimensions is missing. Although early lattice simulations of Creutz were illuminating and showed that there is no second order phase transition between strong and weak coupling [5] , the possibility of a Gross-Witten and Wadia transition [6, 7] diminished the hope of a full solution from the strong coupling regime. While an analytical solution is highly desirable, the high precision lattice simulation of Lüscher and Weisz leaves no doubt that, at low energies, the Yang-Mills theory may be described by an effective string theory [8] . Many years of research in lattice simulations of QCD have proven to be an indispensable tool in understanding the Standard Model at a non-perturbative level. During these years, string theory has made a great contribution in the search for a unifying theory of gravity and particle physics. The AdS/CFT correspondence, put forward first by Maldacena [9] , has established an avenue in this direction. There is recent progress made in the field using the generic model of Sachdev-Ye and Kitaev (SYK) [10] [11] [12] , which uses disorder and extra dimensions as model building ingredients.
In this paper, we formulate a solvable model beyond the Standard Model. The basic degrees of freedom of the model are d + 1 dimensional lattice fermions coupled by means of SU(N) random matrices defined on a d dimensional sublattice. Such matrices generalize the randomly distributed couplings of the SYK model. However, such a generalization has a non-trivial effect in the structure of the theory. The results of this paper may be summarized in the following:
• the model yields an effective theory of local Yang-Mills fields, a theory which approaches the standard Yang-Mills theory in the classical limit of vanishing coupling constant;
• in the large N limit the theory is dual to a field theory of matrices of order N t , where N t is the number of lattice sites along the extra dimension;
• the theory is non-perturbatively solvable in the large N approximation;
• the theory is asymptotically free, confines the color and is chirally symmetric in the strong coupling limit;
• if Standard Model fermions are included in the model then the corresponding theory is dual to an asymptotic safe QCD when the number of flavors is large, i.e. it is ultraviolet complete at a non-zero value of the coupling;
• although the proposed theory shares important properties with the standard Yang-Mills theory like asymptotic freedom and color confinement, the corresponding beta functions are different functions of the coupling constant.
Therefore, a theory of local Yang-Mills fields exists, is solvable in the dual formulation for large N and shares qualitative properties of the standard Yang-Mills theory. The paper is organized as follows: in the next section we define the model and discuss the disorder average of the theory. In section 3 we show that the effective description of the model in terms of SU(N) matrices is a local theory Yang-Mills fields in the weak coupling limit. Section 4 deals with the disorder averaged theory which is a field theory of matrices of order N t . In section 5 we solve the matrix field theory in the large N limit. Section 6 deals with the case of Standard Model fermions included in the model in which case an asymptotic safe QCD theory emerges for large number of flavors. The last section closes the paper with the discussion of results and their phenomenological relevance within and beyond the Standard Model.
The model
Let Ψ α a (x), a = 1, 2, . . . , N be N Dirac fermion operators for each Dirac component α = 1, 2, . . . , 2 d/2 at each site x = (x 1 , x 2 , . . . , x d ) on a regular Euclidean lattice of even dimensions d. The lattice is finite and we assume it be a torus with volume V . Let also U µ (x) be a SU(N) matrix at each directed link (x, x +μ) on the lattice, where µ = 1, 2, . . . , d. The Hamiltonian operator of the model is:
where a is the lattice spacing, κ a dimensionless coupling constant and γ µ are the usual gamma-matrices. We have denoted by γ 5 the product of all gamma-matrices in order to remember that the theory in four dimensions is the phenomenologically relevant theory. In the above expression we have suppressed Dirac indices for clarity. In the following the lattice spacing is set to unity. Note also that we have chosen naive fermions on the lattice. Any local discretization would do the job. For example, the Kogut-Susskind version [4] :
is simpler since fermion operators carry no Dirac indices. Here,γ 5 is the even/odd sites operator taking ±1 values on even/odd lattice sites and η 1 (x) = 1, η µ (x) = (−1)
It is convenient to express fermion operators in terms of the Grassmann valued fermion field ψ(x, t), with t labeling points in the extra dimension of length N t , measured in lattice spacing units. As usual, the Grassmann field is taken to be antiperiodic in t. This way, the model can be equivalently defined by the action:
where∂ t is a lattice derivative derivative. This is a lattice theory of a massive fermion in d+1 dimensions in a fixed background of SU(N) random matrices, which are defined on the links of the d dimensional sublattice. However, such a fermion propagates freely along the extra dimension. If we were to ignore the fermion propagation along the extra dimension we end up with a theory of infinitely many massive fermions in d dimensions in the background of SU(N) random matrices.
Disorder average
The theories with disorder such as SYK use the replica trick and compute the disorder average by integrating the Boltzman kernel of the replicated theory with respect to the probability distribution of the random couplings. In the case of large N approximation it is customary to assume that the replica are decoupled. Gross and Rosenhaus as well as Kitaev and Suh discuss this issue in the appendix of a recent publication on the SYK model [12, 13] . The net result of the diagonal replica assumption is that the disorder averaged theory is, in the large N limit, the disorder averaged partition function of the fermion theory. This result motivates us to promote SU(N) matrices as a randomly distributed field, in which case the partition function of the theory is:
where DU and DψDψ are Haar and Grassmann integration measures. This definition allows one to identify two effective theories depending which fields are integrated first. Integration of fermion fields gives a SU(N) matrix theory, while the integration of SU(N) matrices gives an interacting fermion theory. Thus, we have in principle a dual description of the same theory.
An effective theory of local Yang-Mills fields
In this section we are interested in the integration of fermion fields. Equivalently, we can perform the trace over the Hilbert space of fermions H:
where h is the fermion matrix. It is clear that resulting effective theory of SU(N) fields is nontrivial. Introducing the matrix:
the fermion matrix can be written in the form:
Since h is traceless, the integrand is an even function of h. Therefore:
We are interested in the limit N t → ∞. In this limit the second exponential may be neglected and the effective action of the theory is:
where the trace is taken in the tensor product space of the lattice sites and the SU(N) group. The right hand side may be expanded in powers of κ 2 :
where c o is real, c 1 = 1/4 and we have used the fact that the product of η matrices around the plaquette equals −1. If we want our theory to be the standard Yang-Mills theory in the classical limit of vanishing coupling constant, then we have to make sure that the plaquette term is the Wilson discretization of the standard Yang-Mills theory. Therefore, scaling the length of the extra dimension according to the relation:
we get an effective theory which is described by the action:
When no other loops are present other than the plaquette, the theory is the Wilson discretization of the standard Yang-Mills theory. Therefore, the above theory is a theory of Yang-Mills fields enlarged by larger Wilson loops. The theory is local if the series expansion in terms of Wilson loops converges. An upper bound of the convergence radius of the series may be found using the following standard argument: since at each lattice site there are 2d − 1 choices to construct a loop without moving backwards, the number of Wilson loops of length n is bounded by (2d − 1) n . This way, at each order n in the κ expansion, the number of
Wilson loops of length n does not grow faster than (2d − 1) n . Hence, the series converges for κ ≤ 1/(2d − 1) and the theory is local for vanishing κ. Classically, as κ goes to zero, the theory is dominanted by the plaquette term while larger Wilson loops may be included in a perturbation expansion. The perturbative approach in the classical theory is important if we want to maintain the correspondence principle, in which case, our theory includes the standard Yang-Mills theory as a leading order approximation of the expansion. Quantum mechanically, we may expect that the theory is asymptotically free, since larger Wilson loops are perturbations of the plaquette result. This is indeed the case as shown in section 5. However, the beta function of the theory vanishes linearly with the coupling constant, which shows that the approach to the continuum limit is different from the plaquette theory.
Note that integration of fermions was computed taking the trace in the Hilbert space which is the same as the integration of Grassmann fields. Since we are interested in the low energy physics in d dimensions we may neglect the time derivative∂ t in the action. In this case the effective action is:
a modification that would be reflected in the coefficients of the expansion in the right hand side of eq. (3.2). Therefore, the overall picture of the above Yang-Mills theory does not change in this case.
Strong coupling
At strong coupling the series may not converge and the effective action is computed using eq. (3.1) and the approximation h 2 ≈ κ 2 h 2 o . In this case, the expansion in 1/κ:
may be used. Taking the trace of both sides, the effective action is:
This expression suggests that in the strong coupling regime the theory predicts an area law for Wilson loops and a non-vanishing string tension. We conclude this section with the observation that the net effect of fermions of our dynamical system in d + 1 dimensions is the emergence of a theory of Yang-Mills fields in d dimensions. Such a theory shares with the standard Yang-Mills theory a non-vanishing string tension at strong coupling, and as discussed in section 5, an ultraviolet fixed point at weak coupling. The next step is to find the dual effective theory which results from the integration of SU(N) matrices.
A Hermitian matrix field theory
The action of the effective fermion theory is defined by:
Group integration rules and one link integrals have been solved long ago by different authors, see for example [14] [15] [16] [17] and references therein. One link-integrals have been applied also in the strong coupling QCD calculations in the large N approximation [18, 19] . Using the result of the reference [19] we find:
where scalar products in color space (ψψ)(t, t ′ ) are matrix elements in t-space and F (.) is defined by the expression:
We are primary concerned with the behavior of the theory at small κ. Therefore, we stay with the leading order result:
We can use this approximation even at other values of κ since the linear approximation captures well the behavior of F (λ) for |λ| ≤ 1. It is convenient to suppress time indices, therefore the action may be written in the form:
with the trace taken now in t-space. Defining the matrix:
which connects neighbor lattice sites x and y, the action takes the form:
The last term can be decoupled using the Gaussian integral with respect to the field Σ(x, t, t ′ ):
The final expression is obtained by integrating the Grassmann fields:
where the factor N in the first term stems from the fact that the Σ(x, t, t ′ ) fields are diagonal in color indices. Note that A is not invertible and indefinite. We can shift it so that the resulting matrix is invertible and positive definite. The cost of doing so is the introduction of another Gaussian field. We have checked that, in this case, the saddle point solution is the same. Therefore, for simplicity we stay with a single Gaussian field and treat A as being formally invertible and positive definite.
The large N solution
In this section we are interested in the static limit along the t-direction. Therefore, we drop the time derivative∂ t and proceed in solving the theory described by the action:
in the large N limit. The equations that make the action stationary are:
Denoting G(x) = 1/[1 + Σ(x)] the equations take the form:
This is a system of quadratic equations which is solved using the Ansatz:
whereG(x) is a small fluctuation around uniform G o . Expanding the left hand side of (5.1) up to the first order inG(x), we get a scalar quadratic equation with its positive solution:
as well as the constraint:
Substituting these equations into the action and expanding the logarithm up to the second order in G −1 o G(x) we get the effective action in the large N approximation:
where xG (x +μ) 2 = xG (x) 2 has been used. Neglecting cubic order corrections this is a free theory of massive bosons with mass squared given by:
For vanishing κ, the solution corresponds to an effective theory with a mass which diverges as 1/κ. The symmetry of the effective action can be made explicit by writing it in the form of a non-linear sigma model:
which is symmetric with respect to U(N t ) transformations:
This way, the fluctuations around the minimum of the action give an U(N t ) symmetric theory of static bosons.
Observables: the Polyakov loop
A key observable in lattice gauge theory is the Polyakov loop:
where the expectation value is evaluated in the effective theory of SU(N) matrices of eq. (3.1). In the following we will express the expectation value with respect to degrees of freedom of the dual theory. Adding the following fermionic source term in the action (2.1):
then, the insertion of gauge fields in the path integral may be achieved using the double derivative of the partition function with respect to source fields:
where i, j are SU(N) matrix indices and the expectation is evaluated with respect to the action of eq. (2.1). After integration of gauge fields and using the same approximation that led us to the action (4.1) one gets the same action supplemented with source terms:
The effect of the double derivative in this theory is now the insertion of the following bilinear combination of fermionic fields:
where now the expectation value is evaluated in the theory defined by the action of eq. (4.1). Therefore, the Polyakov loop may be written in the form:
modulo an irrelevant constant factor. This expression is not good enough if we were to use the solution of the dual theory. For this reason, if we add a mass matrix term into the action (4.1):
introducing Σ-fields as well as integrating over fermion fields one finds:
where the expectation value in the right hand side is evaluated in the dual theory. Then, modulo a constant factor, the Polyakov loop expression in this theory is:
In the large N approximation the right hand side factorizes and we find:
This way, the free energy F o of the static charge is:
where we have restored the lattice spacing a. At leading order in κ we have G o = 1 − 2dκ 2 + O(κ 4 ) and therefore:
which vanishes in the limit κ → 0. The beta function that follows from the above expression:
is negative and vanishes linearly with the coupling constant. The theory is thus asymptotically free. However, its ultraviolet behavior is different from the standard Yang-Mills theory. The same conclusion may be drawn if we had computed Wilson loops. In this case we would find a perimeter law.
Observables: fermion-antifermion condensate
An important observable in a theory of fermions is the fermion-antifermion condensate:
From the previous discussion, its definition in the dual theory:
may be evaluated in the large N approximation giving a non-vanishing value:
This way, in the continuum limit, the theory is characterized by a non-zero value of the fermion-antifermion condensate.
Strong coupling
In the strong coupling we can treat the fermions as massless. In this case, the stationary action solution is G
and the free energy of the static charge diverges logarithmically at strong coupling:
The beta function of the theory:
is negative for large enough κ. The weak and strong coupling behavior of the theory can be reconciled if there is a third order phase transition as discovered in the case of twodimensional Yang-Mills theory by Gross-Witten and Wadia [6, 7] . Note also, that the boson mass of the effective theory is zero. Therefore, the theory is symmetric with respect to U(N t ) L × U(N t ) R transformations:
Since the fermion-antifermion condensate vanishes as κ → ∞ the chiral symmetry of the theory is exact in this limit. However, at a finite and large value of κ the condensate is nonzero. The chiral symmetry is broken spontaneously to U(N t ) and there are N 2 t Goldstone modes in this case.
Synthesis
The solution of the theory in the large N approximation shares distinctive properties with the standard Yang-Mills theory like asymptotic freedom and color confinement. Note however, that the beta function of our effective Yang-Mills theory is different from that of the standard Yang-Mills theory.
Asymptotic safe QCD
In order to simplify the discussion we will stay again in the static limit along t-direction, which means that the lattice time derivative is neglected. This way, instead of four flavors of Kogut-Susskind fermions in d + 1 dimensions we have a model of N t such fermions. If several of these fermions have a small degenerate mass m f at times 1, 2, . . . , N f the action (2.1) is modified to give:
where m f should be thought as a samll mass in the limit m f → 0. Keeping N f fixed to a finite value, then, in the large N t limit, integration of fermions gives the effective action:
where the massless Kogut-Susskind operator / D =γ 5 h o /2 is introduced. At m f = 0 and vanishing κ the classical limit of the right hand side yields the QCD action. Integration of SU(N) matrices gives a matrix field theory with the action:
The solution which minimizes the action is denoted by the matrix:
where λ 1 , λ 2 the solutions of the massless and massive boson sectors. If we assume for simplicity that the sectors are decoupled then the effective action is a non-linear sigma model with the mass matrix:
Since we have computed already λ 2 , we concentrate now in the massless sector. In this case, from the quadratic equation:
the mass of the light boson:
vanishes linearly with the fermion mass. Hence, the massless sector is symmetric with re-
We concentrate now in the limiting case when the number of massless flavors N f is large and proportional to N t . Since for m f = 0 we have λ
, the beta function of the theory is dominated by the massless sector in this case. Therefore, it is the same as in the case of the strongly coupled Yang-Mills theory of the previous section:
It is zero at κ = 0 and κ c = 1/ √ 2d, positive for κ ∈ (0, κ c ) and negative for κ > κ c . Hence, the theory has an ultraviolet fixed point at κ c . Solving the renormalization group equation:
with m being an integration constant, the correlation length of the theory is defined by:
At the critical point, it diverges according to the law:
i.e. the theory shares the same critical exponent with two-dimensional Ising model. Note also, that at the critical point the condensate has a non-vanishing value. Therefore, the U(N f ) L × U(N f ) R chiral symmetry is spontaneously broken to U(N f ) and the mass of the N 2 f Goldstone modes behaves as expected from the chiral perturbation theory [20] :
In view of the strong coupling QCD calculations [18, 19] this result is hardly new. However, the introduction of a large number of massless fermions makes the theory nontrivial. Indeed, the theory has a continuum limit at a critical value of the coupling constant in this case. Note that in the limit d → ∞ the theory becomes asymptotically free.
A note on the gravity dual
We may make one more simplification which can be justified in the low energy regime of the lattice theory: if we use the approximation A = 2d, the action decouples completely in x-space:
Therefore, we end up with an ideal gas of one-matrix theories:
One-matrix models have been studied in the past as a non-perturbative formulation of the two-dimensional gravity, see for example [21] .
Summary and discussion
In this paper, we have formulated a lattice theory beyond the Standard Model which can be described in terms of dual effective theories. One of them is a theory of Yang-Mills fields. Its dual is a non-perturbatively solvable theory of Hermitian matrices. While the model is formulated on a d + 1 dimensional lattice, emerging effective theories are defined in d dimensions. The model generalizes the SYK model of holography which uses disorder couplings among fermions. Here we use SU(N) random couplings to couple Dirac fermions in d dimensions which propagate freely along the extra dimension. Although the disorder averaged theory is shown to be asymptotically free, its beta function differs from the corresponding beta function of the standard Yang-Mills theory. At strong coupling the theory is also chirally symmetric.
The main result of the paper is that the properties of strong interactions like asymptotic freedom and color confinement may be described by a theory of Yang-Mills fields which may be solved non-perturbatively in the large N approximation in contrast to the present status of an unknown similar solution to the standard Yang-Mills theory in four dimensions.
Additionally, we have shown that a related theory, an asymptotically safe strong coupling QCD may be also solved non-perturbatively. The theory is scale invariant at the critical coupling and chirally symmetric, a symmetry which is spontaneously broken. The effective action of the theory is the non-linear sigma model, which is derived from the fluctuations around the the solution which minimizes the action. The theory becomes asymptotically free in the limit of infinite dimensions.
The representation of the theory as an ideal gas of one-matrix model allows the interpretation of the asymptotic safe QCD in terms of two-dimensional gravity theories. Thus, the effective dimensionality of the theory is 2 independently of the number of dimensions we started with. This point deserves further study in order to identify the string theory dual of the model.
In the continuum limit both theories, the theory of Yang-Mills fields and the asymptotic safe QCD have a non-vanishing fermion-antifermion condensate, which is a bound state of color and anticolor charges. Therefore, the color is confined in both theories.
There is much to be done in the future. Certainly, we would like to compute the low lying meson spectrum in the large N approximation. The present solution was computed in the static limit along t-direction, which means that the lattice time derivative was neglected. We would like to compute in the future the solution without this restriction. Finally, we would like also to simulate the theory on the computer.
